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Abstract

An efficient new coupled one-dimensional model is developed for the dynamics of piezoelectric composite
beams. The model combines third order zigzag approximation for the displacement with layerwise
approximation of the electric field as piecewise linear for sublayers. By enforcing the conditions of zero
transverse shear stress at the top and bottom and its continuity at layer interfaces, the displacement field is
expressed in terms of three primary displacement variables and potentials. The governing coupled
equations of stress and charge equilibrium and boundary conditions are derived from Hamilton’s principle.
Analytical solutions are obtained, for free vibrations and forced response under harmonic load, for simply
supported hybrid beams and the results are compared with the exact three-dimensional solution and
uncoupled first order shear deformation theory solution. The present results show significant improvement
over the first order solution and agree very well with the exact solution for both thin and thick hybrid
beams. The results demonstrate the capability of the developed theory to adequately model open and closed
circuit electric boundary conditions to accurately predict their influence on the response.
r 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Piezoelectric composite laminates with embedded or surface bonded piezoelectric layers form
part of new generation of adaptive structures. The sensing and actuation capability of
piezoelectric layers is used for achieving active vibration control, shape control, noise control,
damage identification and compensation (health monitoring), etc. To realize these objectives, a
robust electromechanical model is required which accounts for the electromechanical
inhomogeneities in these hybrid laminates and provides accurate prediction of the sensory and
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active response of the structure. A review of three-dimensional (3-D) continuum-based
approaches, 2-D theories for plates and shells and 1-D theories for beams, along with their
comparative study for plates under static loading, has been presented by Saravanos and Heyliger
[1]. Analytical 3-D solutions are available only for some specific shapes with specific boundary
conditions such as simply supported infinite flat panels [2] and rectangular plates [3,4]. On the
other hand, a 3-D finite element analysis [5] results in large problem size which may become
computationally intractable for practical dynamics and control problems. Hence there is need for
accurate 2-D plate and 1-D beam theories and several theories of varying accuracy have been
developed. Early works in adaptive structures employed induced strain models in which elastic
beam models were employed [6–8] along with effective forces and moments due to induced strain
of piezoelectric actuators. A discrete layer theory based on layerwise approximations for
displacements was developed for elastic laminated beams with induced actuation strain by Robins
and Reddy [9]. Classical laminate theory (CLT) approximation for the mechanical field has been
applied by some researchers [10–12] without considering any electromechanical coupling. Later
the transverse shear deformation effect was incorporated by using the first order shear
deformation theory (FSDT) [13] and the refined third order theory [14–16] for the dynamics of
hybrid beams and plates. Huang and Wu [17] and Huang and Sun [18] presented coupled FSDT
solution for piezoelectric composite plates and beams including the charge equation of
electrostatics and considering the electromechanical coupling. Mitchell and Reddy [19] presented
a coupled hybrid theory for the dynamics of piezoelectric composite plates based on the third
order approximation for the displacement field and layerwise approximation for the potential
field. Zhou et al. [20] have developed coupled thermo-electromechanical theory to model dynamic
response of hybrid plates using third order approximation for displacement and temperature fields
and layerwise linear approximation for the potential field. Saravanos and Heyliger [21,22] have
presented coupled discrete layer theories (DLT) based on layerwise approximation for
displacement and potential fields and shown that these yield very accurate results for both thin
and thick laminates. But these are expensive for practical problems since the number of unknowns
depend on the number of layers. To overcome this disadvantage, Kapuria [23] has recently
developed a novel coupled layerwise theory, for static analysis of piezoelectric composite beams,
which combines a third order zig-zag approximation for the inplane displacement [24,25] with a
sublayerwise piecewise linear approximation for the electric potential. The transverse displace-
ment is approximated to account for the piezoelectric transverse normal strain induced by the
electric potential. The conditions of zero shear stress conditions at the top and bottom surfaces
and the conditions of transverse shear stress continuity at layer interfaces are enforced to
formulate the theory in terms of only three displacement unknowns, which are independent of the
number of layers and equal in number to the ones used in the FSDT. This layerwise theory for
displacement and potential fields thus preserves the computational advantage of an equivalent
single layer (ESL) theory and yet yields important through-the-thickness variations of
displacements, electric field, inplane stresses and transverse shear stress. For simply supported
hybrid beam under electro-mechanical load, this theory has yielded highly accurate results (by
comparison with the exact 3-D solution) at global and local laminate level, which are superior to
those of FSDT which uses the same number of displacement unknowns.
Encouraged by its excellent performance in the static case, this theory is extended to dynamics

in the present paper. The coupled equations of stress and charge equilibrium and variationally
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consistent boundary conditions for the developed model are derived using Hamilton’s principle.
The accuracy of the theory in estimating local and global response is assessed by comparison of an
analytical solution, for the free and forced vibration of a simply supported hybrid beam, with the
exact 3-D piezoelastic solution and uncoupled FSDT solution. The effects of ratio of span-to-
thickness and ratio of piezolayer thickness to beam thickness on the response are investigated. The
influence of electric boundary conditions applied in sensory and actuation applications on the free
vibration response is studied to establish the effect of piezoelectric coupling.

2. Formulation of layerwise theory for dynamics

Consider a hybrid beam of width b; thickness h and length a; made of L perfectly bonded
orthotropic layers with one of the principal material axes of each along the longitudinal axis x:
Some of the layers can be of piezoelectric material with poling along the thickness axis z: The
sensors and actuators, considered herein, are of orthorhombic materials of class mm2 symmetry
[26], since the commonly used materials PZT and PVDF belong to this class. The material of the
piezoelectric layers can be different. The midplane of the beam is chosen as the xy-plane. The z-co-
ordinate of the bottom surface of the kth layer (numbered from the bottom) is denoted as zk�1:
For a beam with small width, assume plane state of stress ðsy ¼ tyz ¼ txy ¼ 0Þ; neglect transverse
normal stress ðszC0Þ and assume the axial and transverse displacements u;w and electric potential
f to be independent of y ð) electric field component Ey ¼ �f;y ¼ 0Þ: The strain–displacement
and electric field–potential relations for directions x; z are:

ex ¼ u;x; ez ¼ w;z; gzx ¼ u;z þ w;x; Ex ¼ �f;x; Ez ¼ �f;z; ð1Þ

where a subscript comma denotes differentiation. Unlike most other studies, Ex is not considered
as zero, since it is an electric field induced by the piezoelectric coupling. With these assumptions,
the general 3-D constitutive equations for stresses and electric displacements Dx;Dz reduce to [23]

sx ¼ Q11ex � e31Ez ¼ Q11u;x þ e31f;z; tzx ¼ Q55gzx � e15Ex ¼ Q55ðu;z þ w;xÞ þ e15f;x;

Dx ¼ e15gzx þ Z11Ex ¼ e15ðu;z þ w;xÞ � Z11f;x; Dz ¼ e31ex þ Z33Ez ¼ e31u;x � Z33f;z; ð2Þ

where Q11 ¼ Yx;Q55 ¼ Gzx; e31 ¼ d31Q11; e15 ¼ d15Q55; Z11 ¼ e11 � d15e15; Z33 ¼ e33 � d31e31 with
Young’s modulus Yx; shear modulus Gzx; piezoelectric strain constants dij and dielectric
constants eij:
The potential field is assumed as piecewise linear between N points zj across the thickness h [23]:

fðx; z; tÞ ¼
XN

j¼1

CjðzÞf jðx; tÞ; ð3Þ

where f jðx; tÞ ¼ fðx; zj; tÞ and CjðzÞ are linear interpolation functions. N can be chosen
independent of the number of layers L and is determined by the required accuracy of the
electric field. Deflection w is approximated by integrating the constitutive equation for strain
ez: ez ¼ �nxzsx=Ex þ d33EzCd33Ez; by neglecting the contribution of the first term as in elastic
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beam theory, to yield

wðx; z; tÞ ¼ w0ðx; tÞ �
XN

j¼1

%C jðzÞf jðx; tÞ; ð4Þ

where %C jðzÞ ¼
R z

0 d33Cj
;zðzÞ dz is a piecewise linear function. The formulation in Ref. [23] is

applicable only if the hybrid beam has piezoelectric layers of the same material. For such a special
case d33 is constant and the present Eq. (4) for the more general case, reduces to w ¼
w0ðx; tÞ � d33

PN
j¼1 CjðzÞf jðx; tÞ; which is same as Eq. (5b) of Ref. [23]. The longitudinal

displacement is assumed [23], as in discrete layer elastic theory [24] to be a combination of a
third order variation across the thickness with layerwise linear variation with slope discontinuities
at the layer interfaces and an additional explicit layerwise contribution gkðx; z; tÞ due to electric
potential f: For the kth layer, u is assumed as

uðx; z; tÞ ¼ z2xðx; tÞ þ z3Zðx; tÞ þ ukðx; tÞ þ zcn

kðx; tÞ þ gkðx; z; tÞ: ð5Þ

uk and cn

k denote translation and rotation variables of the kth layer. Using Eqs. (2), (4)
and (5) yields

tzx ¼ Q k
55ð2zxþ 3z2Zþ cn

k þ w0;xÞ þ Q k
55gk;z �

XN

j¼1

ðQ k
55
%C j � ek

15C
jÞf j

;x

" #
: ð6Þ

The square parentheses terms are the explicit contribution of electric potential and the round
parentheses terms include its implicit contribution. Neglecting the explicit contribution of f in tzx

in the static case [23] has yielded very accurate global results even for thick beams. Hence to
obtain simpler algebraic problem of imposing continuity of tzx at the layer interfaces, without loss
of accuracy for the global response, the square parentheses terms in Eq. (6) are neglected to yield

gkðx; z; tÞ ¼
XN

j¼1

G
j

k ðzÞf
j
;x; with G

j
k ðzÞ ¼

Z z

zk�1

%C j �
ek
15

Q k
55

Cj

� �
dz: ð7Þ

Using Eq. (7) and denoting ckðx; tÞ ¼ cn

k þ w0;x; Eqs. (5) and (6) yield

uðx; z; tÞ ¼ ukðx; tÞ � zw0;xðx; tÞ þ zckðx; tÞ þ z2xðx; tÞ þ z3Zðx; tÞ þ
XN

j¼1

G
j

k ðzÞf
j
;x; ð8Þ

tzx ¼ Q k
55ðck þ 2zxþ 3z2ZÞ: ð9Þ

Let the midplane of the beam lie in the k0th layer and denote its displacement u0ðx; 0; tÞ ¼ u0ðx; tÞ:
The functions uk;ck; x; Z are expressed as in Ref. [23] in terms of u0 and c1 using the ðk � 1Þ
conditions each for the continuity of tzx and u at the layer interfaces and the two shear traction-
free conditions tzx ¼ 0 at z ¼ 7h=2: Thus

u ¼ u0 � zw0;x þ RkðzÞc1 þ
XN

j¼1

F
j
kðzÞf

j
;x; ð10Þ

where

RkðzÞ ¼ Rk
1 þ zRk

2 þ z2R3 þ z3R4; F
j
kðzÞ ¼ G

j
k ðzÞ þ R

kj
0 ;
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with

R
kj
0 ¼

Xk

i¼2

½G j
i�1ðzi�1Þ � G

j
i ðzi�1Þ� �

Xk0

i¼2

½G j
i�1ðzi�1Þ � G

j
i ðzi�1Þ�; ð11Þ

R4 ¼ �4CL
1 =3hðhCL

1 þ 4CL
2 Þ; R3 ¼ 4CL

2 =hðhCL
1 þ 4CL

2 Þ;

Rk
2 ¼ 2ðCk

1= %Qk
55 � zkÞR3 þ 3ð2Ck

2= %Qk
55 � z2kÞR4;

Rk
1 ¼

Xk

i¼2

zi�1ðRi�1
2 � Ri

2Þ �
Xk0

i¼2

zi�1ðRi�1
2 � Ri

2Þ; Ck
1 ¼

Xk

i¼1

Qi
55ðzi � zi�1Þ;

Ck
2 ¼

Xk

i¼1

Qi
55ðz

2
i � z2i�1Þ=2:

The number of the primary variables is thus the same as in the first order shear deformation
theory. The layerwise approximation of the electric potential enables effective modelling of
the heterogeneity in the electric field across the thickness, induced by piezoelectric sensor and
actuator layers.
The dynamic field equations and the variationally consistent boundary conditions have been

formulated using Hamilton’s principle for a piezoelectric continuum [27]:Z t2

t1

Z
V

ðr ’uid ’ui � sijdeij � DidEiÞ dV þ
Z

A

ðTn
i ui � qfÞ dA

	 

dt ¼ 0;

with ðdui; dfÞ ¼ 0 at times t ¼ t1; t2: V and A are the volume and surface of the body. Tn
i

are the surface tractions and q is the surface charge density. The details of the derivation are
omitted for brevity. Let r be the mass density and the overdot represents differentiation with
respect to time. The equations of motion for u0;w0;c1 and dynamic equations for electric
potentials f j are:

� I1 .u0 þ I2 .w0;x � I3 .c1 �
XN

l¼1

I l
4
.fl
;x þ Nx;x ¼ 0;

� I2 .u0;x þ I5 .w0;xx � I6 .c1;x � I1 .w0 �
XN

l¼1

ðI l
7
.fl
;xx � I l

11
.fl
;xÞ þ Mx;xx þ fz ¼ 0;

� I3 .u0 þ I6 .w0;x � I8 .c1 �
XN

l¼1

I l
9
.fl
;x þ Px;x � Qx ¼ 0;

I
j
4 .u0;x � I

j
7 .w0;xx þ I

j
9
.c1;x þ I11 .w0 þ

XN

l¼1

ðI jl
10
.fl
;xx � I

jl
12
.flÞ þ Hj

;x

� G j � Sj
x;xx � %Qj

x;x þ b½p2z %C
jðzLÞ � p1z %C

jðz0Þ � qj� ¼ 0 ð j ¼ 1; 2;y;NÞ; ð12Þ
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where z0 ¼ �h=2; zL ¼ h=2 and Ii; I
j
i and I

jl
i are the 12 inertia terms defined as

I1 ¼
Z h=2

�h=2
br dz; I2 ¼

Z h=2

�h=2
brz dz; I3 ¼

XL

k¼1

Z zk

zk�1

brRkðzÞ dz;

I
j
4 ¼

XL

k¼1

Z zk

zk�1

brF
j
kðzÞ dz; I5 ¼

Z h=2

�h=2
brz2 dz; I6 ¼

XL

k¼1

Z zk

zk�1

brzRkðzÞ dz;

I
j
7 ¼

XL

k¼1

Z zk

zk�1

brzF
j
kðzÞ dz; I8 ¼

XL

k¼1

Z zk

zk�1

br½RkðzÞ�2 dz; I
j
9 ¼

XL

k¼1

Z zk

zk�1

brRkðzÞF
j
kðzÞ dz;

I
jl
10 ¼

XL

k¼1

Z zk

zk�1

brF
j
kðzÞF

l
kðzÞ dz; I

j
11 ¼

XL

k¼1

Z zk

zk�1

br %C jðzÞ dz;

I
jl
12 ¼

XL

k¼1

Z zk

zk�1

br %C jðzÞ %ClðzÞ dz: ð13Þ

Nx; Mx; Px; Qx; Sj
x; %Q j

x are stress resultants and Hj; G j are electric displacement resultants,
defined as

Nx ¼
Z h=2

�h=2
bsx dz ¼ A11u0;x � B11w0;xx þ F11c1;x þ

XN

l¼1

ð %F l
11f

l
;xx þ bl

1f
lÞ;

Mx ¼
Z h=2

�h=2
bzsx dz ¼ B11u0;x � D11w0;xx þ E11c1;x þ

XN

l¼1

ð %El
11f

l
;xx þ b l

2f
lÞ;

Px ¼
XL

k¼1

Z zk

zk�1

bRkðzÞsx dz ¼ F11u0;x � E11w0;xx þ G11c1;x þ
XN

l¼1

ð %G l
11f

l
;xx þ b l

3f
lÞ;

S j
x ¼

XL

k¼1

Z zk

zk�1

bF
j
kðzÞsx dz ¼ %F

j
11u0;x � %E

j
11w0;xx þ %G

j
11c1;x þ

XN

l¼1

ð %H jl
11f

l
;xx þ b jl

4 f
lÞ;

Qx ¼
XL

k¼1

Z zk

zk�1

bRkðzÞ;ztzx dz ¼ D55c1; %Q j
x ¼

XL

k¼1

bðek
15=Q k

55Þ
Z zk

zk�1

CjðzÞtzx dz ¼ %D
j
55c1;

Hj ¼
Z h=2

�h=2
bCjðzÞDx dz ¼ %D

j
55c1 �

XN

l¼1

#E
jl
11f

l
;x;

G j ¼
Z h=2

�h=2
bCjðzÞ;zDz dz ¼ b j

1u0;x � b j
2w0;xx þ b j

3c1;x þ
XN

l¼1

ðb lj
4 f

l
;xx � b jl

5 f
lÞ ð14Þ
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with

½A11;B11;D11;F11;E11;G11� ¼
Z h=2

�h=2
b Q11½1; z; z2;RkðzÞ; zRkðzÞ;R2

kðzÞ� dz;

½ %F j
11; %E

j
11; %G

j
11; %H

jl
11� ¼

Z h=2

�h=2
b Q11F

j
kðzÞ½1; z;RkðzÞ;Fl

kðzÞ� dz;

½b l
1 ;b

l
2 ;b

l
3 ;b

jl
4 � ¼

Z h=2

�h=2
b e31½1; z;RkðzÞ;F

j
kðzÞ�C

l
;zðzÞ dz; b jl

5 ¼
Z h=2

�h=2
b Z33C

j
;zC

l
;z dz;

D55 ¼
Z h=2

�h=2
bQ55ðRk;zÞ

2 dz; %D
j
55 ¼

Z h=2

�h=2
be15CjðzÞRk;z dz;

#Ejl ¼
Z h=2

�h=2
b Zk

11 þ
ðek
15Þ

2

Q k
55

	 

c jðzÞClðzÞ dz: ð15Þ

The load fz ¼ bðp1z � p2zÞ where p1z and p2z are the normal pressures on the bottom and top
surfaces of the beam and q j are the surface charge densities at those locations of zj where potential
or charge density is prescribed. Hamilton’s principle yields the following essential or natural
boundary conditions at the ends of the beam at x ¼ 0; a:

u0 ¼ un

0 or Nx ¼ Nn

x ;

w0 ¼ wn

0 or � I2 .u0 þ I5 .w0;x � I6 .c1 �
XN

l¼1

I l
7
.fl
;x þ Mx;x ¼

Z h=2

�h=2
btzx dz

" #n

;

w0;x ¼ wn

0;x or Mx ¼ Mn

x ; c1 ¼ cn

1 or Px ¼ Pn

x; f j
;x ¼ f

j *
x or S j

x ¼ S
j *

x ;

f j ¼ f j * or I
j
4 .u0 � I

j
7 .w0;x þ I

j
9
.c1 þ

XN

l¼1

I
jl
10
.fl
;x � Sj

x;x

� %Q j
x þ Hj ¼ %H j * þ

Z h=2

�h=2
tzx %C j dz

" #n

; ð16Þ

where * refers to prescribed value.
Substitution of the expressions from Eqs. (14) into Eqs. (12) yields the following dynamic

equations for the primary field variables ðu0;w0;c1;f
jÞ:

�½ %Lij� .%U þ ½Lij� %U ¼ P; ð17Þ

where %U ¼ ½u0 w0 c1 f1 f2 y fN �T; P ¼ ½0 fz 0 %q1 %q2 y %qN �T with %ql ¼ b½ql þ p1z %C
lðz0Þ �

p2z %C
lðzLÞ�: %Lij and Lij are linear differential operators with %Lij ¼ %Lji; Lij ¼ Lji and
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are given by

%L11 ¼ I1; %L12 ¼ �I2ð Þ;x; %L13 ¼ I3; %L1;3þl ¼ I l
4ð Þ;x; %L22 ¼ I5ð Þ;xx � I1;

%L23 ¼ �I6ð Þ;x; %L2;3þl ¼ I l
11 � I l

7ð Þ;xx; %L33 ¼ I8; %L3;3þl ¼ I l
9ð Þ;x;

%L3þm;3þl ¼ Iml
10 ð Þ;xx � Iml

12 ;

L11 ¼ A11ð Þ;xx; L12 ¼ �B11ð Þ;xxx; L13 ¼ F11ð Þ;xx; L1;3þl ¼ %F l
11ð Þ;xxx þ b l

1 ð Þ;x;

L22 ¼ D11ð Þ;xxxx; L23 ¼ �E11ð Þ;xxx; L2;3þl ¼ � %El
11ð Þ;xxxx � b l

2 ð Þ;xx; L33 ¼ G11ð Þ;xx � D55;

L3;3þl ¼ %G l
11ð Þ;xxx þ b l

3 ð Þ;x; L3þm;3þl ¼ %Hml
11 ð Þ;xxxx þ ðbml

4 þ b lm
4 þ #Eml

11 Þð Þ;xx � bml
5 ;

ðm; lÞ ¼ 1;yN: ð18Þ

After solving for U ; tzx can be obtained using constitutive equation (2) directly or more accurately
by integrating the 3-D equation of motion in x direction to yield tzx ¼

R z

�h=2ðr .u � sx;xÞ dz:

3. Analytical solution for simply supported beam

In order to assess the accuracy of the coupled zig-zag theory developed herein, an analytical
solution is obtained for simply supported beams with the following boundary conditions at
x ¼ 0; a:

Nx ¼ 0; w0 ¼ 0; Mx ¼ 0; Px ¼ 0; f j ¼ 0; S j
x ¼ 0; j ¼ 1;y;N ð19Þ

and compared with the exact piezoelastic solution [2]. The solution of Eq. (17) is expanded in
Fourier series as

ðw0;f
j;Nx;Mx;Px;S

j
x ;G

j; fz; %q
jÞ ¼

XN
n¼1

ðw0;f
j;Nx;Mx;Px;S

j
x ;G

j; fz; %q
jÞn sin %nx;

ðu0;c1;Qx; %Q
j

x ;H
jÞ ¼

XN
n¼1

ðu0;c1;Qx; %Q
j

x;H
jÞn cos %nx ð20Þ

with %n ¼ np=a: Substituting these in Eqs. (17) yields for nth Fourier component, the coupled
equations

Muu Mue

Meu Mee

" #
.Un

.Fn

( )
þ

Kuu Kue

Keu Kee

" #
Un

Fn

( )
¼

Fn

Qn

( )
; ð21Þ

where Un ¼ ½u0 w0 c1�
T
n ; Fn ¼ ½ %f1 %f2y %fN �Tn ; Fn ¼ ½0 fz 0�T; Qn ¼ ½ %q1 %q2y %qN �Tn and Mrs

and Krs ðr ¼ u; e; s ¼ u; eÞ are submatrices of the symmetric inertia matrix M and stiffness matrix
K :
Let F ¼ ½Fs;Fa�; where Fs and Fa represent the sets of unknown voltages output and known

active voltages input at the sensor and actuator layers. Eq. (21) can be partitioned and arranged as

Muu Mue
ss

Meu
ss Mee

ss

" #
.Un

.Fn
s

( )
þ

Kuu Kue
ss

Keu
ss Kee

ss

" #
Un

Fn
s

( )
¼

Fn � Kue
saF

n
a � Mue

sa
.Fn

a

Qn
s � Kee

saF
n
a � Mee

sa
.Fn

a

( )
: ð22Þ
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It can be solved for free and forced vibration response of the beam in active/sensory/
active-sensory mode. For example, for synchronous free vibrations at natural frequency
on; let *Un ¼ ½Un Fn

a�
T ¼ *Un

0 cosont in Eq. (22) to yield the following generalized eigenvalue
problem:

Kuu Kue
ss

Keu
ss Kee

ss

" #
� o2n

Muu Mue
ss

Meu
ss Mee

ss

" #" #
f *Un

0g ¼ f0g; ð23Þ

where *Un
0 are the through-the-thickness mode shapes for the given spatial mode n:

The exact piezoelastic solution for the simply supported hybrid beam is obtained, as in Ref. [2]
for cylindrical bending of a panel by considering sy ¼ tyz ¼ txy ¼ 0; Ey ¼ 0 but sza0 and with
corresponding appropriate modification of the constants in the constitutive equations.

4. Numerical results and discussion

Consider simply supported hybrid beams made up of a substrate of graphite–epoxy composite
with a piezoelectric layer of PZT-5A with thickness hp bonded to its top, with properties the same
as in Ref. [28]:

composite :ðYL;YT ;GLT ;GTT Þ ¼ ð181; 10:3; 7:17; 2:87Þ GPa; dij ¼ 0;

ðnLT ; nTT Þ ¼ ð0:28; 0:33Þ;

ðZLL; ZTT Þ ¼ ð30:96; 26:53Þ � 10�12 F=m; r ¼ 1578:0 kg=m3;

PZT-5A :ðY1;Y2;Y3;G12;G23;G31Þ ¼ ð61:0; 61:0; 53:2; 22:6; 21:1; 21:1Þ GPa;

ðn12; n13; n23Þ ¼ ð0:35; 0:38; 0:38Þ;

ðd31; d32; d33; d15; d24Þ ¼ ð�171;�171; 374; 584; 584Þ � 10�12 m=V;

ðZ11; Z22; Z33Þ ¼ ð1:53; 1:53; 1:50Þ � 10�8 F=m; r ¼ 7600 kg=m3;

where L and T are directions parallel and transverse to the fibres. Beams with (a) symmetric
½01=901=901=01� and (b) asymmetric ½901=01=901=01� cross-ply substrate, with equal ply thickness,
are considered with the orientation given with respect to x-axis and stacking order mentioned
from the bottom to the top. Unless specified otherwise, hp ¼ 0:1h: The interface of the PZT layer
with the substrate is grounded. The top surface of PZT layer is subjected to either closed circuit
condition (C) for which the surface potential fN

n ¼ fnjz¼h=2 ¼ %fN
n or open circuit condition (O) for

which the applied surface charge density at the top qN
n ¼ 0: Convergence studies have revealed

that converged results are obtained by discretizing the electric field across the PZT layer by
piecewise linear variation across four equal sublayers.
The accuracy of the present theory is assessed by comparison with the exact piezoelastic

solution. Since the number of displacement variables in the present theory is the same as in FSDT,
results are also compared with FSDT. No comparison is done with other layerwise theories which
involve more displacement unknowns, since the accuracy of the present theory is established
directly by comparison with the exact solution.
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The frequencies and the modal entities are non-dimensionalized as follows with S ¼ a=h; dT ¼
374� 10�12 m=V and r0 ¼ 1578 kg=m3:

%o ¼ onaS1ðr0=YT Þ
1=2; ð %u; %w; %fÞ ¼ ðu;w; 103fSdT Þ=maxðu;wÞ;

ð %sx; %tzxÞ ¼ ðsx; tzxÞSh=YT maxðu;wÞ;

where maxðu;wÞ denotes the largest value of u and w through the thickness for a particular mode
and S1 ¼ S; 1; 1=S for the first three thickness modes, respectively.
Let %oexact; %oFSDT; %opresent; be the dimensionless natural frequencies predicted by the exact

piezoelectric solution, the uncoupled FSDT solution and the present coupled layerwise theory.
These natural frequencies for the first three thickness modes for hybrid beams of types a and b for
open circuit (O) are compared for n ¼ 1 in Table 1 for S ¼ 5 (thick beam), 10 (moderately thick
beam), 100 (thin beam). The shear correction factor for the FSDT solution is taken as 5=6: It has
been noted from the mode shapes that the first, second and third thickness modes primarily relate
to flexural, extensional and shear behaviour, respectively. It is observed that the natural
frequencies predicted by the present theory are in very good agreement with the exact solution for
thin to thick beams with SX5 for both symmetric and asymmetric substrates. In contrast, FSDT
yields far inferior results for the first (flexural) and third (shear) modes in which shear has an
influence. While FSDT overestimates the fundamental frequency of beam a with S ¼ 5 and 10 by
17.3% and 6.8%, the corresponding errors in the present theory are only 0.5% and 0.25%. For
the third mode, the error in FSDT is found to increase for beam a from 19.5% for S ¼ 5 to 32.4%
for S ¼ 100 as the beam becomes thinner. Such a trend is not observed in the present theory for
third mode in which, as in the other two modes, the accuracy increases with S for thinner beams
with the error for beam a reducing from 7.2% for S ¼ 5 to just 0.4% for S ¼ 100: The error in the
first thickness mode (flexural) frequency o; for the present theory and FSDT, is plotted versus the
thickness ratio h=a in Fig. 1, for spatial modes n ¼ 1 and 3 for beam a with open circuit condition.
The error increases with h=a and n: The present theory yields quite accurate results for the whole
range of h=a whereas the error in FSDT is very much larger, being 23.2% for n ¼ 3 for moderately
thick beam with h=a ¼ 0:1 while the corresponding error in the present theory is only 0.8%.

Table 1

Comparison of natural frequencies of hybrid beams for n ¼ 1

Mode S Beam a ðhp=h ¼ 0:1Þ Beam b ðhp=h ¼ 0:1Þ

%oexact %oFSDT
%oexact

%opresent
%oexact %oexact %oFSDT

%oexact
%opresent
%oexact

1 5 5.5344 1.173 1.005 4.6660 1.131 1.006

10 7.4425 1.068 1.003 5.7597 1.043 1.003

100 8.7540 0.996 1.000 6.3634 0.995 1.000

2 5 7.4406 1.024 1.031 7.7328 1.025 1.026

10 7.8293 1.007 1.009 7.9427 1.005 1.007

100 8.0159 0.997 1.000 8.0172 0.997 1.000

3 5 2.3379 1.195 1.072 2.1802 1.099 1.036

10 1.7711 1.245 1.014 1.7878 1.170 1.008

100 1.4966 1.324 1.004 1.6228 1.220 1.002
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The effect of electric boundary conditions, namely open circuit (O) or closed circuit (C) with
zero potential applied to the top surface of the hybrid beam a, on the natural frequencies is
illustrated in Table 2 for n ¼ 1: The results obtained from the present theory are compared with
the exact solution for the piezolayer thickness ratio hp=h ¼ 0:1; 0:3; 0:5 and span-to-thickness ratio
S ¼ 10; 100: It is observed that the electric boundary conditions have some influence on the
natural frequencies, with the open circuit conditions providing higher frequencies for all cases.

Fig. 1. Error in first thickness mode frequency o for n ¼ 1 and 3 for beam a.

Table 2

Effect of electric boundary conditions on natural frequencies for hybrid beam a for n ¼ 1

Mode S EBCa hp=h ¼ 0:1 hp=h ¼ 0:3 hp=h ¼ 0:5

%opresent %oexact %opresent %oexact %opresent %oexact

1 10 O 7.4612 7.4425 5.4673 5.4513 4.5358 4.5220

C 7.4314 7.4119 5.4047 5.3875 4.4747 4.4608

100 O 8.7543 8.7540 6.1270 6.1270 4.8468 4.8477

C 8.7113 8.7110 6.0434 6.0434 4.7692 4.7702

2 10 O 7.8968 7.8293 6.0277 6.0020 5.0517 5.0372

C 7.8706 7.8031 5.9631 5.9366 4.9614 4.9459

100 O 8.0166 8.0159 6.2243 6.2240 5.1609 5.1608

C 7.9945 7.9937 6.1690 6.1688 5.0788 5.0786

3 10 O 1.7962 1.7711 1.8521 1.8292 2.2213 2.1859

C 1.7954 1.7702 1.8513 1.8283 2.2200 2.1846

100 O 1.5027 1.4966 1.5904 1.5819 2.0212 1.9836

C 1.5026 1.4966 1.5904 1.5819 2.0212 1.9836

aEBC stands for electric boundary condition.
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This effect, which is essentially due to piezoelectric coupling, has been captured very well by the
present theory. The effect of coupling on the natural frequencies, characterized by the difference
between (O) and (C) conditions, increases with hp=h whereas the effect of S is marginal.
The through-the-thickness distributions of modal displacements %u; %w and stresses %sx; %tzx in the

fundamental thickness mode (flexural) are shown in Figs. 2–5 for thick and moderately thick
beams of types a and b at open circuit condition for n ¼ 1: The present results for %u; %w and %sx;
including the slope discontinuities in u at the layer interfaces, are in excellent agreement with the
exact solution for both thick and thin hybrid beams with symmetric and asymmetric substrate
laminates. The modal shear stress distribution, obtained by integrating axial equation of motion
using the present theory, is also in excellent agreement with the exact solution in all cases. The
direct constitutive approach yields the maximum shear stress fairly accurately, but predicts less
accurate shear distribution with large errors near the interfaces of the top (piezoelectric) layer and
the bottom (composite) layer. In comparison, FSDT has yielded far inferior results for u; %sx and

Fig. 2. Through-the-thickness distributions of %u; %w; %sx; %tzx in the fundamental thickness mode of a thick ðS ¼ 5Þ beam a.
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postprocessed %tzx; the deviations being more pronounced for thicker beams, wherein the simplified
kinematic assumptions do not hold well. The errors in maximum %tzx predicted from postprocessing
of FSDT results for beams of types a and b with S ¼ 10 are 16.1% and 11.0%, respectively,
whereas even the direct approach of the present theory yields more accurate results with error
reducing to 2.5% and �6:7%, respectively. The distribution of the modal sensory potential across
the piezoelectric layer is shown in Fig. 6. It is revealed that the error in the predicted sensory
potential is only 1.2% and 0.6% for intermediate thick beams of types a and b, respectively. The
error is almost zero ðo0:01%Þ for thin beams with S ¼ 100: The distribution of modal potential
across the piezoelectric layer at closed circuit condition is shown in Fig. 7 for the hybrid beam of
type a for two sets of piecewise linear discretizations over 4 and 8 sublayers. It is seen that the
present theory has accurately predicted the maximum potential induced in the piezoelectric layer
for both thin and thick beams. The piecewise linear variations of the potential obtained from the
present formulation closely follow the exact distribution with excellent matching for 8 sublayers.

Fig. 3. Through-the-thickness distributions of %u; %w; %sx; %tzx in the fundamental thickness mode of a moderately thick

ðS ¼ 10Þ beam a.
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The accuracy can be increased either by increasing the number of points across the piezoelectric
layer for discretizing the potential or by using higher order interpolation functions Cj:
Consider forced response of beam a with S ¼ 10 under sinusoidal harmonic pressure excitation

p2z ¼ p0 sin %nx cosOt on the top surface under closed circuit conditions with actuation potential on
the top surface fðx; h=2; tÞ ¼ fN ¼ f0 sin %nx cosOt: Let the deflection of the centre of the beam be
wða=2; 0; tÞ ¼ wm cosOt with amplitude wm: The following non-dimensional variables are used for
wm;f0 and forcing frequency O:

*wm ¼ 100wmYT=hS4p0; *f0 ¼ 100f0YT dT=hS2p0; %O ¼ OSaðr0=YT Þ
1=2:

The deflection amplitude *wm under harmonic pressure excitation with or without harmonic
actuation potential, is presented in Fig. 8 as a function of the forcing frequency %O; for spatial
modes n ¼ 1 and 3. It is observed that the present theory predicts the harmonic response very
accurately for both modes and for both the unactuated and the actuated cases. In contrast, FSDT

Fig. 4. Through-the-thickness distributions of %u; %w; %sx; %tzx in the fundamental thickness mode of a thick ðS ¼ 5Þ beam b.
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results show large error from the exact solution, particularly for the actuation loading case and
the error increases for the higher mode with n ¼ 3: The large error in *wm in FSDT is primarily due
to error of the induced transverse strain due to piezoelectricity from d33 coefficient. Similar trend
was observed in the statics case using the layerwise theory [23] and the coupled FSDT for
rectangular plate [29].

5. Conclusions

A novel coupled electromechanical model has been presented for the dynamic analysis of
hybrid beams. The model assumes a third order zig-zag axial displacement field and a piecewise
linear electric potential field such that the interlaminar shear stress continuity conditions and
shear free conditions on the top and bottom surfaces are satisfied. The accuracy of this theory has

Fig. 5. Through-the-thickness distributions of %u; %w; %sx; %tzx in the fundamental thickness mode of a moderately thick

ðS ¼ 10Þ beam b.
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Fig. 6. Open circuit potential across the piezoelectric layer in the fundamental thickness mode of beams a and b.

Fig. 7. Closed circuit potential across the piezoelectric layer in the fundamental thickness mode of beam a.

Fig. 8. Maximum mid-surface deflection versus forcing frequency for beam a under harmonic pressure and actuation

loading.
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been established by comparing the harmonic free and forced vibration response of simply
supported hybrid beams with the exact piezoelastic solution. The developed theory yields very
good prediction of the natural frequencies and forced response for both thin and thick smart
composite beams with symmetric or asymmetric laminate for the substrate. The through-the-
thickness variations of the modal displacements, stresses and open as well as closed circuit
potential in the piezoelectric layer in the fundamental bending mode are also in excellent
agreement with the exact solution for hybrid beams with SX5:
Comparison of the present results with the uncoupled FSDT solution has established the

superiority of the developed model over FSDT. The present theory can effectively model closed
circuit as well as open circuit electric boundary conditions in the piezoelectric layer as required in
sensory and active applications. Unlike other layerwise theories, the present accurate theory has
the advantage of being economical since the number of primary variables for the mechanical field
is the same as that of FSDT.

Appendix A. Nomenclature

A11;B11;D11;F11;G11 beam stiffness constants
a; b; h length,width and thickness of the beam
dij ; eij; eij ; Zij piezoelectric strain and stress constants; dielectric constants, permittivities
Ex;Ey;Ez;Dx;Dz;f electric field components; electric displacements; electric potential
%E

j
11; %F

j
11; %G

j
11; %H

jl
11;D55 beam stiffness constants

G j;Hj electric displacement resultants
Gzx;Yx;r shear and Young’s moduli; density
Ik; I

j
k; I

jl
k beam inertias

M;K inertia and stiffness matrices
Nx;Mx;Px;S j

x ; %Q
j

x stress resultants
S thickness parameter a=t
%U;P displacement and electric potential vector, load vector

u;w; u0;w0 displacements, midplane displacements
x; y; z coordinates in axial, width and thickness directions
sx; tzx; ex; ez; gxz stresses; strains
CjðzÞ interpolation functions
on;O natural and forcing frequencies
b l

k ; %D
j
55;b

jl
5 ;

#E jl beam piezoelectric stress constants,beam permittivities
%ð* Þ dimensionless entity ð*Þ
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